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Motivation Definition of a Distribution Modeling Billiards with Distributions
In a game of billiards, a cue ball is struck by a cue stick (an impact). The moment of impact is Amap T : C2*(R) — R is called a distribution if: Let each time the cue ball is struck be labeled t;, and let \; be the magnitude of the strike at
mstanta.neous, vvh|ch.y|e|ds a spike. Methpds from cglculgs Qannpt differentiate or integrate o T'islinear: T(f + Ag) = Tf + ATg, for f,g € C=(R) that moment.
such spikes. We can instead model these impacts using distributions. , , , , , , ,
e T is continuous: if (f,),>1 IS a sequence of test functions such that To model the sequence of impacts over time, we use:

Billiards SUP,er | fo(x) — f(2)] njoo 0 for some f € C°(R), then, .
In a game of billiards, the cue ball B is standing still until it is struck by the cue stick. That is, for T — \i - O(t —t;)

. . . . L T(f,) —T 0 . i i)
a time ¢, B(t) returns that outcome of being struck, which we will call its impact. T(fn) ()] —0 asn— oo Z_Zl

A distribution is not a function and it cannot in general be graphed.

We assume that B(0) = 0. At the moment of impact, the ball undergoes an instantaneous Fach term A, - 8(f — t;) represents an instantaneous strike at time #,, with strength A;.

change. Dirac ¢

We would like to model this system and study this rate of change. Using ordinary methods The Dirac distribution ¢ is written Let v(?) :.H(t - tz'.)- Since H'(i —_tz') = o(t — ¢;), we say that acceleration is (since the derivative
from calculus, we run into immediate problems. . of a velocity function is acceleration)

e The derivative is not defined at any B(t). The graph of such an impact would be a spike. 20)le] = /OO o@)plz) dz = p(0) V'(t) = a(t) = 0(t — t;).

e [he integral of a point is 0.

Conversely, integration by parts gives us This means that we can view the Dirac § as the acceleration of an impact.

Distributions ~ Two Strikes

. o e e . . dif : / O'(x)p(x) de = —¢'(0). Suppose a cue ball is struck twice: once at t = 1 with an impact A\; = 2, and again at ¢ = 3 with
A fur.wchon i DElnEs 1 U] i 7 15 ehtereniteble et el oreers: Thet s dzk DS el < — impact Ay = —1. (Here, a negative XA would mean that the velocity of the ball is slowing down.
continuous for any k = 0. The it i SN - o uah 5 is ot i’ For instance, if it bounces off of a wall and reverses.)
A function fisin C*(R) if f € C*°(R) with compact support where the support of f stands for ¢ integrand o(x)ep(x) is notationally convenient, even though o(x) is not a function. The velocity is:
the closure of {x In R : f(x) # 0}. We can define a shifted delta, centered at ¢; € R as
For instance, g(z) = 22 is in C*°(R), but does not belong to C®(R). v(t)=2-H({t—-1)—1-H(t—3)

o . . 6(t — t;)|] = o(t;).
An example of a function in C°(R) is the "bump function” defined by: ( ol = (i)
We can model a sequence by summing these shifted deltas: (0 t<1

,
1
_ .f 1 p—
90(96)<6Xp< 1—3:2) Flel <1, n v(t) =<2 1<t<3
0 if [z > 1. T[%O]:;%O(tz‘)- 1 t>3.

Its acceleration is:

\

Each term in the sum is an impact.

The Heaviside Function vit)=2-0(t—1)—1-(t - 3).

The Heaviside function H(t — t;) models a sudden change at time : And we can find the position of the ball by:

@lx)

0.1 +

H(t—t) = 0t <t 0 t <1
| 15 ~1.0 0.5 0.0 0.5 1.0 15 v 1 ift > 1. p(t) — /U(t) dt = | Q(t — 2) 1 <t<3
t+1 >3

Heaviside Function H(0)

Figure 1. Graph of the bump function
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We also call the set of functions that are members of C'°(R) test functions. | 0.8 1 N
S 0.6 - =
Why They Are Called Test Functions £ 04 | *
Suppose we have a thermometer and want to measure the temperature of a piece of heated 0.2 | N
metal. In the real world, we cannot measure the exact temperature at a single point. The tip of 0.0 1 : -
a thermometer is not a point; it is a bulb shape. e ] —— \elacly
Let the bulb include two points, xy and z;1. Let 2y be the point which touches the metal directly. €10
Since it is in contact with the metal, xy will be the hottest point on the bulb. If x; is located on Figure 2. Heaviside Function 0.5
the opposite side of the bulb, it will be cooler. , ) . o , , , 0.01
Each ball strike creates a new “step” in the Heaviside function. A step in our graph is an o

Each point on the bulb contributes differently to the final temperature. Hence, we represent instantaneous change. The derivative of such a step is the spike centered at time . — Acceleration
these contributions as a weight function (). i _ %]
We introduce the notation 4- 0

3 | | | ~s04 ,

[ faypta)ds : - I

N
to be a new type of integral. Here, the f(x) does not have to be a true function. It is something 0 Perspective |
which “acts on” test functions (which we will see shortly). Here, we have some point xy and At Measuring the impact of a billiards ball impact is hard with standard calculus, but distributions
() probes a region around it. Since ¢(z) € C=(R), we get more information from the point t make it easier. Distributional velocity and acceleration effectively capture instantaneous
we are interested in (the peak), and ignore information farther away as ¢(z) goes to 0. impacts.

S S One way to define the Dirac distribution ¢ is as the distributional derivative of the Heaviside We could also consider the effects of multiple balls and the dynamics arising as the cue ball
o0 o0 function H, see [2]. strikes another, leading to a complex system involving sums of distributions.
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